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Nonrelativistic quantum mechanics is commonly formulated in terms of wavefunctions (probability
amplitudes) obeying the static and the time-dependent Schro¨dinger equations (SE). Despite the
success of this representation of the quantum world a wave-particle duality concept is required
to reconcile the theory with observations (experimental measurements). A first solution to this
dichotomy was introduced in the de Broglie-Bohm theory according to which a pilot wave (solution
of the SE) is guiding the evolution of particle trajectories. Here, I propose a geometrization of
quantum mechanics that describes the time evolution of particles as geodesic lines in a curved
space, whose curvature is induced by the quantum potential. This formulation allows therefore the
incorporation of all quantum effects into the geometry of space-time, as it is the case for gravitation
in the general relativity.
I. INTRODUCTION
Despite the enormous success of the theory of general relativity, not many attempts were made to apply the same
geometrical approach to the description of the dynamics induced by other (fundamental) forces such as electrostatic
in quantum mechanics [1]. One of the main reasons for that, is the triumph of the wavefunction interpretation of the
quantum world, and in particular of quantum electrodynamics and its description of the fundamental interactions as an
exchange of virtual boson particles governed by the uncertainty principle. An important aspect that makes quantum
mechanics hard to reconcile with a geometric description of the dynamics in terms of trajectories in configuration
space is quantum correlation. In fact, wave mechanics as described by the Schro¨dinger equation (SE) offers a natural
framework for the interpretation of coherence and decoherence effects and other peculiar properties of quantum
mechanics like for instance the state superposition principle [2]. All these phenomena seem to rule out the possibility
to include determinism in the description of quantum dynamics. Nonetheless, a first attempt in this direction was
done by De Broglie and Bohm [3–5]; they introduced the concept of material point trajectories driven by a pilote wave
that evolves according to the time-dependent Schro¨dinger equation for the system wave function ψ(x1, . . . , xn, t) =
ψ(x, t), with xi ∈ R3. In this picture, Bohmian trajectories follow the flux lines of the quantum probability current,
j(x) = (j1(x), . . . , jn(x)) with ji(x, t) = ~/m−1=(ψ∗(x, t)∇iψ(x, t)), which depends on the position of all particles in
the system (x1, . . . , xn) and introduces therefore nonlocality [6] into the dynamics. Equivalently, the same dynamics
can be reformulated in terms of configuration space trajectories following a Newton’s-like evolution (second order in
time [7] in which the quantum potential Q(x, t) = −(~2/2m)∇2A(x, t)/A(x, t) with A(x, t) = (ψ∗(x, t)ψ(x, t))1/2 is
added to the classical potential and contributes to the forces driving the system [8, 9]. In the Bohmian mechanics [4]
the time evolution of a quantum system is described by a single trajectory in phase space that is driven by the nonlocal
quantum potential Q(x, t), which is also a function of the entire configuration space and time.
In this work, I show that the effect of the Bohmian quantum potential can be absorbed into the geometry of the
configuration space giving rise to a quantum dynamics described by deterministic trajectories evolving in a curved
configuration space. The quantum potential is defined in the 3n dimensional configuration space, which makes this
theory from-the-start a many-body formulation of the dynamics (for n ≥ 2, where n is the number of particles in the
system of interest) and induces nonlocality in the dynamics associated to all constituent particles. The geometrization
of the physical space is performed in a Finsler differential manifold [10], which is a nontrivial generalization of Riemann
space in which the metric tensor depends from both positions and momenta. Different geometrization schemes based
on a generalization of Riemann geometry were already proposed in the past, starting from the work of Weyl on
electromagnetism [11]. Interesting extensions to quantum mechanics were more recently proposed by Novello and
coworkers using a ‘Weyl integrable space’ (Q-wis) geometry [12] obtained from a variational principle. In this work,
we propose a geometrization scheme in which the metric tensor is derived from the quantum potential instead of being
inferred; the price to pay is the extension from Riemann (and Q-wis geometry) to Finsler spaces. Finally, it is also
interesting to mention the interesting approach by Ootsuka and Tanaka that deals with Feynman path-integrals in an
extended configuration space endowed with a Finsler metric [13].
∗Current address: IBM Research GmbH, Zurich Research Laboratory, 8803 Ru¨schlikon.; Electronic address: ita@zurich.ibm.com
ar
X
iv
:1
51
0.
06
33
0v
2 
 [q
ua
nt-
ph
]  
12
 A
ug
 20
17
2II. THEORY
A. Finsler geometry
For non-conservative systems described by time-dependent Lagrangians (and therefore time-dependent potentials
like the quantum potential Q(x, t)), the dynamics can be reformulated by means of a homogeneous formalism in an
extended configuration space of dimension (3n + 1) where the additional variable corresponds to the time [14, 15].
Defining M the configuration space manifold and TM the corresponding tangent space, if L : R × TM → R is the
time-dependent Lagrangian function, then a corresponding generalized homogeneous Lagrangian Λ : T (R×M)→ R
can be defined by
Λ(t,x, t˙, x˙) ≡ t˙L(t,x,x′) = t˙L(t,x, x˙/t˙) (1)
with (xi)
′ = dxi/dt, x˙i = dxi/dτ , (i = 1, . . . , n). In this formalism a new parameter τ(t) has been introduced to
trace the progress of the system in the extended configuration spaces called the event space. As shown in Appendix
A, the Euler-Lagrange equations corresponding to the Lagrangian Λ(t,x, t˙, x˙) are invariant with respect to any
regular transformation of the parameter τ(t), and for the sub manifold obtained by setting t˙ = 1 they reproduce
the equations of motion for L(t,x, x˙). In the extended configuration space, time is therefore risen to the rank of an
additional generalized coordinate: t = q0 ∈ R, and the dynamics is described in the (3n + 1)-dimensional manifold
(space of events) span by the generalised coordinates and velocities {{qα}nα=0, {q˙α}nα=0} ≡ {q, q˙}. In the following,
I will relabel the coordinates of the canonical configuration space as {t, {xi}ni=1}, and I will use {qα}nα=0 for the
extended configuration space according to the identification: q0 = t, q˙0 = dt/dτ , qi = xi (i = 1, . . . , n) with xi ∈ R3
and qi ∈ R3; the velocities are defined as {q˙α = dqα/dτ}nα=0, and {(xi)′ = dxi/dt}ni=1. For a Lagrangian with
time-dependent potential V (x, t) of the form
L(t,x,x′) = T (x′)− V (x, t) (2)
we have therefore
Λ(q, q˙) = T ({q˙i}ni=1)/q˙0 − V (q) q˙0 (3)
with T (x′) = 12
∑n
i=1m(xi)
′(xi)′ and T ({q˙i}ni=1) = 12
∑n
i=1m(q˙
i)2 = T (x′) (q˙0)2 .
In the case of conservative systems with time-independent potentials, using Jacobi’s theorem it is possible to describe
a dynamics in a given potential with a geodesic motion in a Riemannian manifold with suited metric [16]. In the non-
conservative case, where the dynamics is described by a homogeneous Lagrangian Λ(q, q˙) in Eq. (3), geometrization
is obtained in the framework of Finsler’s spaces [10]. In a Finsler space M (3n+1) with coordinates q = (q0, . . . , qn)
the line element between two adjacent points in space is given by
ds =
(
gαβ(q, q˙)dq
αdqβ
)1/2
= Λ(q, q˙)dτ . (4)
(Einstein’s summation is assumed throughout the paper). The main difference with a Riemannian space is that the
metric tensor gαβ(q, q˙) depends also on velocities of the tangent space TM
(3n+1)
q . The Finsler metric in Eq. (4)
defines a dynamical system through the minimisation of the ‘action’ functional I(γ) =
∫ τ2
τ1
Λ(q, q˙) dτ for a path γ and
given initial and final conditions (γ(τ1) and γ(τ2)), when the following three conditions are fulfilled [17] (i) positive
homogeneity of degree one in the second argument, Λ(q, kq˙) = kΛ(q, q˙), k > 0, (ii) Λ(q, q˙) 6= 0,∀q˙ 6= 0, and (iii)
∂2Λ2(q,q˙)
∂q˙α∂q˙β
ξαξβ > 0,∀ξ 6= λq˙.
The next step consists in the geometrization of the quantum dynamics using a Finsler’s metric derived from the
time-dependent quantum Bohmian potential. This article is organised as following. First I derive a trajectory-based
solution of the quantum dynamics starting from a general Lagrangian density for a complex scalar field φ(x, t). In a
second step, I will introduce the geometrization of the resulting dynamics in a Finsler manifold [10] defined on the
extended configuration space of dimension (3n+1). The equations of motion are given by geodesic curves on a curved
space-time manifold whose metric tensor is derived from the quantum potential, which in turn is a functional of the
system wavefunction, φ(x, t).
B. Matter field and the trajectory representation of quantum dynamics.
Quantum dynamics can be formulated using from a canonical formalism in which the system wavefunction is treated
as a classical complex scalar field φ(x, t) associated to the Lagrangian density [18, 19] (using: {qi}ni=1 = {xi}ni=1 ≡ x)
L =
i~
2
(φ∗φ˙− φ˙∗φ)− ~
2
2m
∂iφ∂iφ
∗ − V φφ∗ . (5)
3Applying the principle of least-action to this Lagrangian density one obtained back the time dependent Schro¨dinger
equation. The same formalism can also be generalised to the case of the Dirac equation [20]. Here we are interested
in deriving a trajectory representation of the dynamics associated to the Lagrangian in Eq. 5. Following [8, 19, 21],
we start from the field conservation law
∂αT
α
β =
∂L
∂qβ
, (6)
of the stress-energy-momentum tensor
Tαβ = −
[
∂L
∂(∂αρ)
∂βρ+
∂L
∂(∂αS)
∂βS
]
+ δαβL , (7)
where S(x, t)/~ is the phase of φ(x, t) = A(x, t)eiS(x,t)/~ and ρ(x, t) = A2(x, t). For the energy density, T 00,
∂T 00(x, t)
∂t
+ T i0,i(x, t) = −ρ
∂V (x)
∂t
, (8)
(T i0,i = ∂T
i
0/∂xi) the conservation law can be reformulated in terms of the coupled differential equations for the
amplitude and the phase of φ(x, t) (Appendix E)
∂S(x, t)
∂t
= − (V (x) +Q(x, t))− 1
2m
(∇S(x, t))2 (9)
∂A(x, t)
∂t
= − 1
2m
(
2∇A(x, t)∇S(x, t) +A(x, t)∆S(x, t)) (10)
where Q(x, t) = − ~22m ∇
2A(x,t)
A(x,t) is the quantum potential. The dynamics described in Eq. (9) is equivalent to the
Bohmian trajectory dynamics x′(t) = vφ(x, t) for the vector field [5] (Appendix D)
vφ(x, t) =
~
m
=∇xφ(x, t)
φ(x, t)
. (11)
Alternatively, one can identify Eq. (9) with the Hamilton-Jacobi equation for the ‘classical’ dynamics in the potential
V (x) + Q(x, t). Its solution by characteristics, for given initial conditions, corresponds to the trajectory solution of
the Newton-like equation of motion [22, 23]
m
d
dt
x′(t) = −∇x(V (x) +Q(x, t)) (12)
with corresponding Lagrangian
L(x,x′, t) = T (x′)− (V (x) +Q(x, t))) . (13)
In Eq. (12) x′ stands for ∂x/∂t and d/dt = ∂/∂t+ x′(t) · ∇. However, a word of caution is recommended here, since
the equivalence of the first- and second-order formulations of the dynamics (Eqs. (11) and (12)) is still debated [24].
The next step consists in the geometrization of the quantum dynamics obtained by absorbing the quantum potential
Q(x, t) into the metric tensor of the Finsler space. This is described in the following proposition.
C. Proposition
Consider a system of particles with coordinates qi ∈ R3, i = 1, . . . , n. The dynamics takes place in the extended
configuration space with q0 = t, while the progress of the dynamics is measured in terms of a proper time parameter,
τ . For any given initial condition, the quantum dynamics associated to each configuration point follows a deterministic
trajectory in the curved 3n+ 1 dimensional space according to the geodesic equation (µ, ν, ξ = 0, . . . , 3n)
q¨µ + Γµνξ(q, q˙)q˙
ν q˙ξ = −gµν∂V ({qi}ni=1)/∂qν (14)
where Γµνξ(q, q˙) =
1
2g
µσ(gσξ,ν + gσν,ξ − gνξ,σ) are the generalized connections (with gσν,ξ = ∂ξgσµ ≡ ∂gσµ/∂qξ), and
the space metric gµν is given by (Appendix C)
gµν(q, q˙) =
1
2
∂2Λ2(q, q˙)
∂q˙µ∂q˙ν
(15)
4with
Λ(q, q˙) = T ({q˙i}ni=1)/q˙0 −Q(q)q˙0 (16)
and T ({q˙i}ni=1) = (1/2)m(q˙i)2 (m is the particle mass). In Eqs. (14)-(16) we use τ = s, where s is the arclength
defined by ds = Λ(q, q˙)dτ ; q(t) and q˙(t) are explicit functions of time, V ({qi}ni=1) is the classical potential, and
Q({qi}ni=1, t) = Q(x, t) is the quantum potential.
Proof: The proof is organised in two steps. (i) Starting from the Lagrangian density in Eq. (5) one can describe
quantum dynamics using trajectories following the Newton-like equation of motion given in Eq. (12). Equivalently, the
same result can be obtained following the derivation due to Bohm [4]. (ii) The time-dependent Lagrangian associated
to this dynamics (Eq. (16)), can be geometrized using Finsler’s approach outlined in Eqs. (2)-(4), which leads to the
geodesic dynamics given in Eq. (14) (see also Appendices A and B). 
In this proposition, a new description of quantum mechanics is proposed, in which the particle-wave duality is
completely overcome. Matter is represented as point particles that move in a curved configuration space where the
curvature is self-induced as well as generated, in a nonlocal fashion, by all other particles in the system; in other
words, the metric tensor (and ultimately the curvature) depends on the coordinate of the particle of interest qi, as
well as from all other particles in the system, qj , with j 6= i [25]. The space curvature generated by the quantum
potential evolves according to Eq. (9) and, therefore, the wave-like nature of quantum mechanics is confined to the
geometric description of the space and voided from any mechanical property; all quantum effects are now absorbed
into the metric of the configuration space [26]. It is worth mentioning that the geometrization of the configuration
space is unique in the sense that is driven by the complex field φ(x, t), which is determined by the Lagrangian density
Eq. (5) or, equivalently, the system of equations in (9) and (10). The connection to the Schro¨dinger is discussed in
the next section.
D. Relation to the Schro¨dinger dynamics
An ensemble of trajectories following the dynamics in Eq. (14) with properly chosen initial conditions describes the
wavefunction dynamics of the time-dependent SE. In fact, when projected back to the 3n dimensional configuration
space the trajectories defined in Eq. (14) reproduce exactly the Bohmian trajectories. This is evident from the
correspondence of the characteristics associated to Eq. (9) with the Bohmian trajectories tangent to the vector field
in Eq. (11). Therefore, when the initial configurations are sampled according to a given initial wavefunction density
|φ(x, 0)|2, the geodesics (or the corresponding Bohmian trajectories) evolve these points such that at a later time
their density, ρ(x, t), is consistent with the time-propagated wavefunction φ(x, t).
III. APPLICATION
I illustrate the implications of the dynamics described in the Proposition by means of a simple example: the
scattering of a Gaussian wavepacket with an Eckart-type potential barrier in one dimension (Fig. 1). This problem
is described in details in [27]. In this case, the Finsler’s space is described by an extended 2 + 2 dimensional phase
space with coordinates {q0 = t, q˙0, q1, q˙1}, while the progress of the dynamics is measured by the parameter τ . The
wavepacket, A(q1, 0) = (2β/pi)1/4e−β(q
1−qc)2eik(q
1−qc) (β = 4, k = 10.8842) is initialised at position qc = 2, while
the potential, V (q1) = V0 sech
2(a(q1 − qp)), is fixed and centered at qp = 7. All quantities are given in atomic units
(a.u.), a = 0.4, V0 = 0.0365. An ensemble of 200 trajectories is used to describe the wavepacket dynamics. They
are initially distributed according the the probability A2(q1(0)), while q˙1(0) = 1, q0(0) = 0 and q˙0(0) = 1 for all
trajectories. The time evolution of the wavepacket is depicted in Fig. 1 together with the corresponding snapshots
of the quantum potential computed on the support of the wavepacket (inset of the upper panel), which is given by
the values q1 sampled by the 200 trajectories at a given value of τ (or time t(τ)). The space curvature is defined as
((q, q˙) ≡ (q0(t), q˙0(t), q1(t), q˙1(t)))
R(q, q˙) = gαβ(q, q˙)Rαβ(q, q˙) (17)
where Rαβ = R
γ
αβγ is the Ricci tensor and
Rγαβγ(q, q˙) = Γ
δ
αγ,β(q, q˙)− Γδαβ,γ(q, q˙)+
Γλαγ(q, q˙)Γ
δ
λβ(q, q˙)− Γλαβ(q, q˙)Γδλγ(q, q˙) (18)
5is the Riemann curvature tensor with Γδαγ,β = ∂Γ
δ
αγ/∂q
β . The lower panel of Fig. 1 shows the value of the
curvature, R(q1(i)(τj); q
0
(i)(τj), q˙
0
(i)(τj), q˙
1
(i)(τj)), on the support of the wavepacket, sampled by the trajectories labeled
with i (i = 1, . . . , 200), at different values of t ranging from t = 50 to t = 2100 in intervals of 100. Initially (t < 400),
the curvature is positive for all points (dark brown lines), while at later times we observe regions of positive and
negative curvature. Towards the end of the simulation the curvature become strongly negative for all points at the
right-hand side of the potential barrier. This becomes more evident if we observe the dynamics in the plane defined
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FIG. 1: Upper panel: Time evolution of the nuclear wavepacket. Snapshots are taken between time t = 50 (dark brown) and
t = 2100 (light brown) in intervals of 100. The inset shows the dynamics of the quantum potential in the same time interval.
Lower panel: Time evolution of the space curvature R(q, q˙) projected along the space coordinate q1 (same color code as for
the upper panel). The static classical potential (Eckart barrier) is shown in gray. All quantities are measured in atomic units.
by the coordinates q1 and q˙1. Fig. 2 shows the time evolution of the system as a series of line fronts in the q1, q˙1
plane; each line is defined by the points {q1(i), q˙1(i)} at a given time t, where the index i runs over the ensemble of
trajectories. The dynamics of two representative trajectories projected on the same plane (black lines) shows a first
‘convergent’ behavior (signature of a positive curvature) followed by a diverging behavior (negative curvature). Of
particular interest is the analysis of the time dilation effect. The right inset in Fig. 2 shows the line fronts in the
(q1, q0) plane, each line corresponding to a fixed value of the ‘reference time’ τ . We observe that the local time, q0(τ),
runs faster for the points on the right-hand side of the wavepacket (larger gaps between the line) than for the points
on the left-hand side that are recoiled by the potential.
IV. CONCLUSIONS
In conclusion, in this article I present a geometrization of quantum dynamics according to which all non-classical
quantum effects are included in the geometry of an extended phase space (that includes time) of dimension 6n+2. The
particles evolve along geodesic lines in a curved Finsler manifold modeled by the quantum potential. In this framework,
the particle-wave duality of conventional quantum mechanics is replaced by deterministic particle dynamics evolving
on a curved manifold, where the curvature is derived from the nonlocal quantum potential that depends on the
position of all particles in the system (independently from their reciprocal distance and interaction). This picture of
quantum dynamics is well suited for the understanding of nonlocality in quantum mechanics including, for instance,
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FIG. 2: Time evolution of the line fronts defined by the variables {q1(i)(t), q˙1(i)(t)} along the trajectories, i = 1, . . . , 200 at regular
time intervals of 50 a.u. starting from t = 0. Color code: brown scale from black (t=0 a.u.) to orange (t=2100 a.u.). Two
trajectories are shown in black. The same dynamics projected on the {q1, q0} and {q1, τ} planes is shown in the two insets.
the self-interference of single particles (electrons or molecules) on a double slit [28–30], and the interpretation of
the Mach-Zehnder’s interferometer [31, 32], for which particle-wave duality is required according to the classical
interpretation of quantum mechanics. In the first situation, the interference pattern results from the nonlocality of
the quantum potential, Q(qslit, qmol, t), which entangles the single particle dynamics, qmol(t), with the one of the
device (double slit). Mach-Zehnder’s interference at a distance is made possible by the fact that quantum information
is not just carried by the particle dynamics but also includes a component from the propagation of the configuration
space curvature [33, 34]. This interpretation of quantum dynamics offers in addition a very simple solution to
the measurement problem in quantum mechanics; in fact, like in Bohmian mechanics [4], the trajectories describe
deterministic paths in space and the transition to the classical world does not require the concept of wavefunction
collapse. The wavefunction character of the quantum state and its dynamics is now confined to the characterization
of the curvature of the configuration space of each constituent particle, while the system evolves along deterministic
geodesic curves. Finally, the geometrization of quantum mechanics offers a clear opportunity for the unification with
Einstein’s theory of general relativity.
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Appendix A: Equivalence of the dynamics described by Λ(q, q˙) and by L(x, x˙, t)
The demonstration of the equivalence of the dynamics generated by Λ({qα}nα=0, {q˙α}nα=0) = Λ(q, q˙) and
L(t, {xi}ni=1, {(xi)′}ni=1) is given in two parts. I will use the following notation: q0 = t, q˙0 = dt/dτ , qi = xi
(i = 1, . . . , n) with xi ∈ R3 and qi ∈ R3; the velocities are defined as {q˙α = dqα/dτ}nα=0, and {x′i = dxi/dt}ni=1.
In the first part, I show that the Lagrange dynamics in the extended (3n + 1) configuration space (governed by the
Lagrangian Λ({qα}nα=0, {q˙α}nα=0) is equivalent to the standard Lagrange formulation of dynamics in the n-dimensional
configuration space (governed by the Lagrangian L(t, {qi}ni=1, {q˙i}ni=1). The dependence on {qα}nα=0 and {qi}ni=1 in-
dicates a dependence of the full (3n + 1) and (3n) dimensional manifolds, respectively. In the following I will drop
the indexes when referring to the entire vectors and use them only for the components:
{xi}ni=1 = {qi}ni=1 ≡ x, {(xi)′}ni=1 ≡ x′, {qα}nα=0 ≡ q, and {q˙α}nα=0 ≡ q˙ . (A.1)
In the second step, I show that the Lagrange dynamics in the extended (3n+1) configuration space can be formulated
as a geodesic motion in a curved manifold.
7The addition of a classical time-independent potential V (x) will also be considered at the end of this section.
Step 1. The Lagrange system obtained from the minimisation of the of the action functional I(γ) =
∫ τ2
τ1
Λ(q, q˙) dτ ,
d
dτ
(
∂Λ(q, q˙)
∂q˙α
)
− ∂Λ(q, q˙)
∂qα
= 0 , (α = 0, . . . , n) (A.2)
consists of 3n+1 equations among which only 3n are independent and correspond to the equations of motion associated
to L(q, q˙). To show the linear dependence of the 3n + 1 Lagrange equations, we first make use of the homogeneity
condition of degree one in the velocity (Λ(q, kq˙) = kΛ(q, q˙), k > 0), which according to Euler’s theorem gives (H.
Rund, Ref. [10], pp. 3-4)
∂Λ(q, q˙)
∂q˙α
q˙α = Λ(q, q˙) (A.3)
∂2Λ(q, q˙)
∂q˙α∂q˙β
q˙α = 0 , (A.4)
with (see definitions in the main text)
Λ(q, q˙) = T (q˙)/q˙0 −Q(x, t)q˙0 . (A.5)
The following relation can therefore be established∑
α
q˙α
(
d
dτ
(
∂Λ(q, q˙)
∂q˙α
)
− ∂Λ(q, q˙)
∂qα
)
=
d
dτ
∑
α
(
q˙α
∂Λ(q, q˙)
∂qα
)
−
∑
α
(
q¨α
∂Λ(q, q˙)
∂q˙α
+ q˙α
∂Λ(q, q˙)
∂qα
)
=
d
dτ
Λ(q, q˙)− d
dτ
Λ(q, q˙) = 0 . (A.6)
The system in Eq. (A.2) is therefore equivalent to the 3n standard Lagrange equations
d
dt
(
∂L(t,x,x′)
∂x′i
)
− ∂L(t,x,x
′)
∂xi
= 0 , (i = 1, . . . , n) . (A.7)
while the extra equation sets the freedom for the choice of τ(q0). To show this, we take the choice τ = t and therefore
q˙0 = 1. Substituting
Λ(q, q˙) = (T (x′)−Q({qi}ni=1, t)) q˙0 = L(t,x,x′) (A.8)
into Eq. (A.2) we obtained exactly Eq. (A.7) (for i = 1, . . . , n).
Step 2. The demonstration of the correspondence between the Euler-Lagrange equations for Λ(q, q˙) and the
geodesic equation in the curved manifold characterised by the metric tensor gαβ(q, q˙) =
1
2
∂2Λ2(q,q˙)
∂q˙α∂q˙β
follows closely the
one given by H. Rund (Ref. [10], Chapter II, paragraph 2).
Starting from the Euler-Lagrange equations formulated in the arc-length parameter s (for which Λ(q, q˙) = 1 along
the path) [35],
d
ds
(
∂Λ(q, q˙)
∂q˙α
)
− ∂Λ(q, q˙)
∂qα
= 0 , (α = 0, . . . n) (A.9)
with the definition
gαβ(q, q˙) =
1
2
∂2Λ2(q, q˙)
∂q˙α∂q˙β
(A.10)
together with the relation
1
2
∂2Λ2(q, q˙)
∂q˙α∂q˙β
q˙β = Λ(q, q˙)
∂Λ(q, q˙)
∂q˙α
(A.11)
8we get
∂Λ(q, q˙)
∂qγ
=
d
ds
(gγβ(q, q˙)q˙
β) . (A.12)
The derivation of Eq. (A.11) is given at the end of this Appendix.
In view of the homogeneity condition of Λ(q, q˙), (Λ(q, kq˙) = kΛ(q, q˙)), Λ2(q, q˙) is positively homogeneous of second
degree in the q˙α and therefore from gαβ(q, q˙) =
1
2
∂2Λ2(q,q˙)
∂q˙α∂q˙β
it follows
Λ(q, q˙) =
√
gαβ(q, q˙)q˙αq˙β . (A.13)
The left hand side of Eq. (A.12) can be rewritten as
∂
∂qγ
Λ(q, q˙) =
∂
∂qγ
√
gαβ(q, q˙)q˙αq˙β (A.14)
=
1
2
1
Λ(q, q˙)
∂gαβ(q, q˙)
∂qγ
q˙αq˙β (A.15)
=
1
2
∂gαβ(q, q˙)
∂qγ
q˙αq˙β . (A.16)
The last equality is valid when we choose the arc-length parameter s for τ , so that, by definition, Λ(q, q˙) = 1 along
the path.
We can therefore rewrite Eq. (A.12) as follows
d
ds
(gγβ(q, q˙)q˙
β)− 1
2
∂gαβ(q, q˙)
∂qγ
q˙αq˙β = 0 , (A.17)
which leads to
gγβ(q, q˙) q¨
β +
(
∂gγα(q, q˙)
∂qβ
− 1
2
∂gαβ(q, q˙)
∂qγ
)
q˙αq˙β = 0 . (A.18)
Introducing the Christoffel symbols
Γαβγ(q, q˙) =
1
2
(
∂gαβ(q, q˙)
∂qγ
+
∂gβγ(q, q˙)
∂qα
− ∂gγα(q, q˙)
∂qβ
)
(A.19)
and the corresponding Christoffel symbols of second kind
Γαβγ(q, q˙) = g
να(q, q˙)Γβνγ(q, q˙) (A.20)
we arrive to the geodetic equations
q¨α + Γαβγ(q, q˙)q˙
β q˙γ = 0 (A.21)
where gνα(q, q˙) is defined as
gνβ(q, q˙)g
να(q,p) = δαβ , (A.22)
and pα = gαβ(q, q˙)q˙
β (note that q˙ is a contravariant vector while p is a covariant vector).
In the derivation of Eq. (A.21) we make use of the symmetry properties of gαβ , namely the fact that gαβ are
positively homogeneous functions of degree zero in the variables q˙α and symmetric in their indices. As a consequence,
the tensor defined as (H. Rund, Ref. [10], Chapter 1, section 3, p 15)
Ξαβγ(q, q˙) =
∂gαβ(q, q˙)
∂q˙γ
=
1
2
∂3Λ2(q, q˙)
∂q˙α∂q˙β∂q˙γ
(A.23)
9is positively homogeneous of degree −1 and is symmetric in all three indices. Therefore
Γαβγ(q, q˙)q˙
β q˙γ =
1
2
∂gβγ(q, q˙)
∂qα
q˙β q˙γ . (A.24)
Derivation of Eq. (A.11):
1
2
∂2Λ2(q, q˙)
∂q˙α∂q˙β
q˙β =
1
2
(
∂
∂q˙α
(
∂
∂q˙β
Λ2(q, q˙)
))
q˙β
=
∂
∂q˙α
(
Λ(q, q˙)
∂
∂q˙β
Λ(q, q˙)
)
q˙β
=
(
∂
∂q˙α
Λ(q, q˙)
)(
∂
∂q˙β
Λ(q, q˙)
)
q˙β + Λ(q, q˙)
(
∂
∂q˙α
(
∂
∂q˙β
Λ(q, q˙)
))
q˙β
=
(
∂
∂q˙α
Λ(q, q˙)
)(
∂
∂q˙β
Λ(q, q˙)
)
q˙β (A.25)
= Λ(q, q˙)
∂Λ(q, q˙)
∂q˙α
(A.26)
Eq. (A.25) derives from Euler’s theorem on homogeneous functions (Eq. (A.4)), while the last equality is a consequence
of the homogeneity of Λ(q, q˙) with respect to q˙α (Eq. (A.3)).
Appendix B: Addition of a time-independent classical potential to the geodesic dynamics
The addition of a classical time-independent potential to the geodesic motion
q¨α + Γαβγ(q, q˙)q˙
β q˙γ = 0 (B.1)
gives ([16])
q¨α + Γαβγ(q, q˙)q˙
β q˙γ + gαβ
∂V ({q}ni=1)
∂qβ
= 0 . (B.2)
Appendix C: Derivation of the metric tensor components
In this section, I derive the components of the metric tensor gαβ(q, q˙).
a) g00(q, q˙) =
1
2
∂2Λ2(q,q˙)
∂q˙0∂q˙0 .
From
Λ(q, q˙) = T 1q˙0 −Q(q)q˙0
Λ2(q, q˙) = (T 1q˙0 −Q(q)q˙0)2
∂Λ2(q,q˙)
∂q˙0 = 2Λ(q, q˙)Λ
′(q, q˙)
where
Λ′(q, q˙) = −T 1(q˙0)2 −Q0(q, t)q˙0 −Q(q, t)
Λ′′(q, q˙) = 2T 1(q˙0)3 −Q00(q, t)q˙0 − 2Q0(q, t)
(Λ′(q, q˙))2 = T
2
(q˙0)4 +
2TQ0(q,t)
q˙0 + 2
TQ(q,t)
(q˙0)2 + 2Q(q, t)Q0(q, t)q˙
0 +Q20(q, t)(q˙
0)2 +Q2(q, t)
Λ(q, q˙)Λ′′(q, q˙) = 2T
2
(q˙0)4 − T Q00(q, t)− 2TQ0(q,t)q˙0 − 2TQ(q,t)(q˙0)2 +Q(q, t)Q00(q, t)(q˙0)2 + 2Q(q, t)Q0(q, t)q˙0
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and T = 12
∑
imi(q˙
i)2, Q0(q, t) =
∂Q(q,t)
∂q˙0 , and Q00(q, t) =
∂2Q(q,t)
∂q˙0∂q˙0
we get
1
2
∂2Λ2(q, q˙)
∂q˙0∂q˙0
= (Λ′(q, q˙))2 + Λ(q, q˙)Λ′′(q, q˙) . (C.1)
b) g0i(q, q˙) =
1
2
∂2Λ2(q,q˙)
∂q˙i∂q˙0 .
1
2
∂2Λ2(q, q˙)
∂q˙i∂q˙0
=
∂
∂q˙i
Λ(q, q˙)Λ′(q, q˙) (C.2)
=
∂
∂q˙i
( T
q˙0
−Q(q, t)q˙0
)(
− T
(q˙0)2
−Q0(q, t)q˙0 −Q(q, t)
)
(C.3)
= −2T (q˙)Ti(q˙)
(q˙0)3
−Q0(q, t)Ti(q˙) (C.4)
where Ti(q˙) = ∂T (q˙)∂q˙i .
c) gij(q, q˙) =
1
2
∂2Λ2(q,q˙)
∂q˙i∂q˙j .
1
2
∂2Λ2(q, q˙)
∂q˙i∂q˙j
=
1
2
∂
∂q˙j
(
2Λ(q, q˙)
Λ(q, q˙)
∂q˙i
)
(C.5)
=
(
miδil
q˙l
q˙0
)(
mjδjk
q˙k
q˙0
)
+ Λ(q, q˙)δijmi
1
q˙0
. (C.6)
Summarizing, the components of the metric tensor gαβ(q, q˙) are
g00(q, q˙) = 3
T 2
(q˙0)4
+Q2(q, t) + 4Q(q, t)Q0(q, t)q˙
0 +Q20(q, t)(q˙
0)2 +Q20(q, t)(q˙
0)2
− T Q00(q, t) +Q(q, t)Q00(q, t)(q˙0)2 (C.7)
g0i(q, q˙) = −(mj q˙j)
(
2
T
(q˙0)3
+Q0(q, t)
)
(C.8)
gij(q, q˙) = (mi
q˙i
q˙0
)(mj
q˙j
q˙0
) +
( T
(q˙0)2
−Q(q, t)
)
miδij . (C.9)
Appendix D: Derivation of Eqs.12-13
Using the polar representation of the system wavefunction
φ(x, t) = A(x, t)eiS(x,t)/~ (D.1)
in the Lagrangian density L (Eq.(5)), we get (ρ(x, t) = A2(x, t))
L (ρ, {∂iρ}ni=1, ρ˙, S, {∂iS}ni=1, S˙) = −ρ(x, t)
[
S˙(x, t) +
(∇S(x, t))2
2m
+ V (x)
]
− ~
2(∇ρ(x, t))2
8mρ(x, t)
. (D.2)
Following [8], the field equation (Eq.(6)) can be written in the form of an energy transport equation
T 00(x, t)
∂t
+ T k0,k(x, t) = −ρ
∂V (x)
∂t
, (D.3)
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which is equivalent to the quantum Hamilton-Jacobi field and continuity equations (the proof is given in Appendix
E)
∂S(x, t)
∂t
+
(∇S(x, t))2
2m
− ~
2
2m
∇2A(x, t)
A(x, t)
+ V (x) = 0 (D.4)
∂A2(x, t)
∂t
+∇ ·
(
A2(x, t)∇S(x, t)
m
)
= 0 . (D.5)
In Eq. (D.3) we use the notation T ki,k(x, t) = ∂T
k
i(x, t)/∂xk. Note that Eqs. (D.4) and (D.5) can also be derived
directly from the time-dependent Schro¨dinger equation
i~
∂φ(x, t)
∂t
=
(
− ~
2
2m
+ V (x)
)
φ(x, t) (D.6)
using the polar expansion in Eq. (D.1).
Eq. (D.4) has the form of a classical Hamilton-Jacobi field equation apart for the extra term
Q(x, t) = − ~
2
2m
∇2A(x, t)
A(x, t)
, (D.7)
which is called the quantum potential. The system trajectory is defined by the equation p˙ = ∇S(x, t)/m. Applying
the operator ∇ to Eq. (D.4) we get the following field equation[
∂
∂t
+
1
m
∇S(x, t) · ∇
]
∇S(x, t) = −∇ (V (x) +Q(x, t)) . (D.8)
Setting the particle velocity equal to ∇S(x, t)/m and moving to the Lagrangian frame, we finally get
m
d2
dt2
x(t) = −∇ (V (x) +Q(x, t)) (D.9)
with d/dt = ∂/∂t+ x˙ · ∇.
Equivalently, Bohmian trajectories can be obtained from the solution of a first order differential equation
d
dt
x(t) = vφ(x, t) (D.10)
where vφ(x, t) is defined in Eq. (11) of the main text. Taking the time derivative of Eq. (D.10) one recovers Eq. (D.9).
Appendix E: Proof of the equivalence of Eq. (D.3) with Eqs. (D.4) and (D.5) (or equivalenty of Eq. (8) with
Eqs. (9) and (10))
Following [8], Eqs. (D.4) and (D.5) can be derived from
T 00(x, t)
∂t
+ T k0,k(x, t) = −ρ
∂V (x)
∂t
(E.1)
using Eq. (D.1).
The first term on the LHS becomes (we use the notation F˙ = ∂F∂t , and Fk =
∂F
∂xk
for any function F (x, t)),
∂T 00(x, t)
∂t
= ∂tρ
[
(∇S)2
2m
+ V
]
+ ρ
[
∂t
(∇S)2
2m
+ ∂tV
]
+
~2
8m
∂t
(∇ρ)2
ρ
= ρ˙
[
(∇S)2
2m
+ V
]
+ ρ
[
2∇S∇S˙
2m
+ ∂tV
]
+
~2
8m
2(∇ρ)(∇ρ˙)ρ− (∇ρ)2ρ˙
ρ2
= ρ˙
[
(∇S)2
2m
+ V
]
+ ρ
[
SkS˙k
m
+ ∂tV
]
+
~2
8m
4(∇A)A(∂t∇ρ)A2 − (2A∇A)22AA˙
A4
= ρ˙
[
(∇S)2
2m
+ V
]
+ ρ
[
SkS˙k
m
+ ∂tV
]
+
~2
m
(∇A)2A˙
A
+
~2
m
AkA˙k − ~
2
m
(∇A)2A˙
A
= ρ˙
[
(∇S)2
2m
+ V
]
+ ρ
[
SkS˙k
m
+ ∂tV
]
+
~2
m
AkA˙k (E.2)
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The second term on the LHS becomes
T k0,k(x, t) = −∂k
(
ρS˙∂kS/m+ ~2
ρ˙∂kρ
4mρ
)
= −(∂kρ)S˙ ∂kS
m
− ρ∂k(S˙∂kS)
m
− ~2
[
∂kρ˙
∂kρ
4mρ
+ ρ˙
(
∂2kρ
4mρ
− (∂kρ)
2
4mρ2
)]
= −2AAkS˙Sk
m
−A2 ∂k(S˙Sk)
m
− ~2
[
(∂t∂kρ)∂kρ
4mρ
+ 2AA˙
(
1
2m
(
(∇A)2
A2
+
∇2A
A
)
− (2A∇A)
2
4mA4
)]
= −2AAkS˙Sk
m
−A2 ∂k(S˙Sk)
m
− ~
2
m
[
(∂t(A∂kA))A∂kA
A2
+AA˙
((
(∇A)2
A2
+
∇2A
A
)
− 2(A∇A)
2
A4
)]
= −2AAkS˙Sk
m
−A2 ∂k(S˙Sk)
m
− ~
2
m
[
2A˙(∇A)2
A
+ ∂kA˙∂kA+ A˙
(
∇2A− 2(∇A)
2
A
)]
= −2AAkS˙Sk
m
−A2 S˙kSk + S˙Skk
m
− ~
2
m
[
A˙kAk + A˙
(∇2A)] (E.3)
Combining all terms (Eq. (E.2) and (E.3)), we get
∂T 00(x, t)
∂t
+ T k0,k(x, t) = −ρ
∂V (x)
∂t
ρ˙
[
(∇S)2
2m
+ V
]
+ ρ
[
SkS˙k
m
+ ∂tV
]
+
~2
m
AkA˙k − 2AAkS˙Sk
m
−A2 S˙kSk + S˙∇
2S
m
− ~
2
m
[
A˙kAk + A˙
(∇2A)] = ρ∂V
∂t
ρ˙
[
(∇S)2
2m
+ V
]
− 2AAkS˙Sk
m
− A
2
m
S˙∇2S − ~
2
m
[
A˙
(∇2A)] = 0
1
S˙
[
(∇S)2
2m
+ V
]
− 1
A˙
AkSk
m
− 1
A˙
A∇2S
2m
− 1
S˙
~2
2m
(∇2A)
A
= 0
Symbolically, a system of differential equations like
S˙ = f(S,A)
A˙ = g(S,A)
is equivalent to
f(S,A)
S˙
− g(S,A)
A˙
= 0 .
We finally get that the field equation
∂T 00(x, t)
∂t
+ T k0,k(x, t) = −ρ
∂V (x)
∂t
can be split into the coupled differential equations
∂S
∂t
+
(∇S)2
2m
− ~
2
2m
∇2A
A
+ V = 0 (E.4)
∂A2
∂t
+∇
(
A2∇S
m
)
= 0 . (E.5)
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